Abstract. Under the cancellation property and the Lipschitz condition on kernels, we prove that the Marcinkiewicz integrals defined on a homogeneous group H are bounded from H
Introduction
Stein [8] 
Ω is a homogeneous function of degree zero whose restriction to S n−1 belongs to Λ α S n−1 and satisfies the cancellation property, integrals is very useful in harmonic analysis [9, 10, 15] . Stein [8] proved that if Ω is in Λ α S n−1 with 0 < α ≤ 1, then
where 1 < p ≤ 2, and if Ω is an integrable odd function, then
The problem most immediately suggested by Marcinkiewicz [7] , who conjectured the L p -boundedness of (1.1) for n = 1 and for Ω(t) = sign t until Zygmund [14] proved that the conjecture holds for 1 < p < ∞, has been extensively studied beginning with the 1958's article of Stein [8] . Benedek, Calderon and Panzone [1] proved that if Ω ∈ C 1 (R n \ {0}) is a homogeneous function of degree zero satisfying the cancellation property, then µ Ω is bounded on L p (H) for 1 < p < ∞. Torchinsky and Wang considered the weighted L p -boundedness of µ Ω , and showed that if Ω is in Λ α S Q−1 and µ Ω is bounded on L p (R n ) for 1 < p < ∞, then for ω satisfying an A p condition, µ Ω is bounded on L p (ω) [13] . Further results on (1.1) were obtained when Ω satisfies some smoothness conditions [1] , [8] and [13] .
In this paper, we prove the
boundedness of Marcinkiewicz integrals defined on homogeneous groups under the cancellation property and the Lipschitz condition on Ω and under the L q -boundedness of µ Ω . This paper is organized as follows: in the next section, some preliminary materials are introduced. The main theorem is stated in Section 3. End-point results appear in Sections 4 and 5. Combined with an interpolation argument, the L p boundedness for 1 < p < ∞ will be shown in Section 6.
Preliminaries and notations
In this section, we introduce notations related to homogeneous groups along with some preliminary materials. Mainly, we follow [6] .
Homogeneous groups
A nilpotent Lie group H with a dilation group {δ r } r>0 is said to be a homogeneous group. The dilation group is given by δ r = exp (A ln r) with a suitable matrix A having positive eigenvalues.
H has a natural homogeneous norm | · |, and the homogeneous dimension Q. Abusing the notation, the bi-invariant measure on H will be denoted by | · |. 
Here, · denotes the euclidean norm. 3. There exists a constant γ > 0 such that for all x, y ∈ H,
There is a unique Radon measure
The Hardy space H 1 (H)
For the definition of the Hardy space H 1 (H), we refer the interested readers to [6] .
A function a(x) on H is said to be an H 1 q,0 -atom (associated to a ball B) if it satisfies the following conditions:
Atomic decomposition
An equivalent way of looking at H 1 (H) is the decomposition of ele- 
in the sense of distributions, and we have
holds, where
Marcinkiewicz integrals
Let Ω be a measurable function on a homogeneous group H, which is homogeneous of degree 0 in the sense that
holds for a.e. x ∈ H \ {0} and r > 0. We define the Marcinkiewicz integral µ Ω f as follows:
where
We will study the mapping properties of µ Ω . To be more specific, we will prove:
Theorem 3.1. Let H, Ω and µ Ω be as above. We assume the following:
Then the following inequalities hold:
In this section, we establish H 1 -L 1 boundedness of the Marcinkiewicz integral. In view of Theorem 2.1 and the sublinearity of µ Ω , it suffices to verify the inequality (3.2) when f is an arbitrary
be an H 1 ∞,0 -atom supported in B r (x 0 ). We split the integral into two parts,
Estimation on I
By hypothesis, we have (4.1)
By Hölder's inequality and (4.1), we obtain
Estimation on II
Before we proceed, we introduce some simple facts on balls in H.
Definition 4.1. For E ⊂ H and x ∈ E, we will use the following notation.
d
Proof. Suppose d (x, B r (x 0 )) < r. Then there exists y ∈ B r (x 0 ) such that y • x −1 < r. So we get
A contradiction to x ∈ B 2λr (x 0 ). Lemma 4.3. Let x ∈ B 2λr (x 0 ) and y ∈ B r (x 0 ). Then we have
Proof. Observe that
Proof. If y ∈ B r (x 0 ), then we have
Also, observe the following fact. 
uniformly in x ∈ H and |1 − s| < ε.
We have
Lemma 4.6. Let Ω, a, and B r (x 0 ) be as above. Then we have
Proof. There are two cases.
which completes the proof.
For J t a(x) we have the following:
With Ω, a, and B r (x 0 ) as above,
for any x ∈ H \ B 2λr (x 0 ), where ν = min {α, ρα, 1}.
Proof. We have two cases. Case 1. t ≥ λ (d (x, B r (x 0 )) + 2λr) . From B r (x 0 ) ⊂ B t (x), Br(x 0 ) a(y) dy = 0 and the Lipschitz condition on Ω| S , we get
Notice the following:
and so,
≥ 2λr. Therefore we obtain
The proof of Lemma 4.7 is completed.
This shows
Altogether, we obtain
and the proof is complete.
L ∞ -BM O boundedness
In this section, we study the L ∞ -BM O boundedness of the Marcinkiewicz integrals. Let f ∈ L ∞ (H) be compactly supported and let B r (x 0 ) be any ball. We write
Then f 1 ∈ L 2 (H). By Hölder's inequality and by hypothesis,
Thus we obtain 
